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Introduction: Cost of Flexible Consumption

Providing Costs:

C t(`
t), t = 1 . . .T

Population N :
nonflexible consumption (Lt)t

flexible consumption (En)n∈N
⇒ extra demand (`t)t = (

∑
n `

t
n)

Cost of flexible load:

Ct(`
t) := C t(L

t+`t)−C t(L
t) .
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Introduction: Demand Response

aggregator

u1

u2

u3

uN

`t =
∑
n

`
t
n

(ct )t , (`t )t

(ct )t , (`t )t

One distributor/aggregator d
provides a set N of N
residential consumers

Consumers send their desired
consumption profiles (`tn)t ,

Aggregator broadcast costs and
aggregated load (`t)t ,

Consumers eventually reach an
equilibrium.
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Electricity Consumption Game: the model

min
`n∈RT

bn(`n, `−n) (1a)

s.t.

∑
t∈T

`tn = En, (1b)

`tn ≤ `tn ≤ `
t
n,∀t ∈ T .

(1c)

where bn is the dynamic price for user n (bill), taken as:

Definition (Daily Prop.)

bDP
n (`) =

En∑
m Em

∑
t∈T

Ct(`
t)

Definition (Hourly Prop. )

bHP
n (`) =

∑
t∈T

`tn
`t
Ct(`

t)

→ N-person minimization game G :=
(
N ,L, (bn)n

)
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Nash Equilibrium

→ bn(`n, `−n) cost of consumer n

Definition

The profile (ˆ̀
n)n is a Nash Equilibrium IFF for all player n, for all possible

admissible profile (strategy) `n:

bn( ˆ̀
n, ˆ̀−n) ≤ bn(`n, ˆ̀−n)

⇐⇒ ˆ̀
n = argmin

`n∈Ln
bn(`n, ˆ̀−n).

Remark: Existence and Uniqueness are not general!
Depends on the structure of bn’s...
Equilibrium ⇐⇒ no one has any interest to change!
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Compute NE in Demand Response

We want an algorithm to compute the equilibrium profile:

1 decentralized: for privacy reasons and dimension of the global
problem,

2 asynchronous: it would not be possible to synchronize efficiently if
local optimizations are performed,

3 fast: the equilibrium may have to be recomputed.
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Cyclic Best Response Dynamics

input: A starting (load) strategy (`
(0)
n )n∈N ∈ X of the agents

Set k = 0.

while do

for n ∈ {1, 2, . . . ,N} do

Update n’s strategy as:

`
(k+1)
n ∈ argmin

x∈Ln
bn
(
`

(k+1)
1 , . . . , `

(k+1)
n−1 , y, `

(k)
n+1, . . . , `

(k)
N

)
;

Go to next cycle k ← k + 1;

` is a fixed point of a cycle of BRD ⇐⇒ ` is a NE!
BRD does not converge in general..
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Convergence with DP billing

Every user solves

min
`n∈Ln

En

E

∑
t∈T

Ct(`
t)

⇐⇒ min
`n∈Ln

∑
t∈T

Ct(`
t)

Alternate Minimization :

Theorem (Hong et al., 2017)

Alternate minimization on convex function f over N blocks converges
linearly. Precisely, after r cycles:

f (x (r))− min
x∈X

f (x) ≤ KN2 1

r
.

⇒ Approximated εr = maxEn
E

KN2

r Nash Eq. in r cycles.
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Convergence with HP billing

DP billing: each user solves

min
`n∈Ln

En

E

∑
t∈T

Ct(`
t)

Theorem (Orda et al., 1993)

In a network of parallel arcs with cost functions `tn 7→ `tn × ct(`
t), there

exists a unique equilibrium.

Proposition

The result extends to the constrained case `tn ≤ `tn ≤ `tn (and where each
player has a subset of arcs).
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O D
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· · ·

t = T , CT
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Convergence with HP billing (2)

In the case of quadratic costs Ct(`
t) = at(`

t)2 + bt`
t :

min
`n∈Ln

∑
t

`tn × (at`
t + bt)

⇔ min
`n∈Ln

Φ(`)

where Φ(`) =
∑

t
at
2

[
(`t)2 +

∑
n(`tn)2

]
+ bt`

t is called a potential
function:

∀n, ∀`n, `′n, `−n, bn(`n, `−n)− bn(`′n, `−n) = Φ(`n, `−n)− Φ(`′n, `−n)

⇐⇒ ∀n, ∀`, ∇nbn(`) = ∇nΦ(`) .
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Convergence with HP billing (end...)

as before, alernate minimization on Φ

the potential converges linearly to its minimum

however, the rate of convergence of profiles is not clear..

Conjecture (Brun et al., 2013)

The non-linear spectral radius of CBRD operator:

ρ̄(TBR) = lim sup
k→∞

sup
(Ai )i∈J (TBR)

∥∥∥∥∥
k∏

i=1

Ai

∥∥∥∥∥
1/k

is < 1 in a network of parallel arcs.

Corrolary: the BRD converges with an exponential rate.
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Bounding Efficiency

With Demand Response, we reach an equilibrium profile...

... but how far from the optimal profile is it ?
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Measuring Efficiency: the Price of Anarchy

Nash Equilibrium (NE)
(`n)n is a NE IFF for all n:

∀`′n ∈ Ln, bn(`n, `−n) ≤ bn(`′n, `−n)

Social Optimum (SO)
(`∗n)n is a SO IFF :

(`∗n)n = argmin
`∈L

∑
n

bn(`)

Definition (Price of Anarchy)

PoA(G) :=
sup`∈XNE

G
SC (`)

SC(`∗)
,

where SC(.) =
∑

n bn(.) is the social cost.
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Bounding the PoA

with Daily billing bDP
n , every user minimizes En

E SC

⇒ PoA = 1

with Hourly billing bHP
n , the equilibrium is not optimal!

Theorem

Assume costs are quadratic:

Ct(`) = at1`+ at2`
2 ,

Then the PoA is upper
bounded:

PoA ≤ 1 +
3

4
sup
h∈H

1

1 + ah1/(ah2`
h
)
.
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Proposition

With linear costs, if for all n and for all t , `tn > 0:

PoA = 1 +

(
1− 4N

(N+1)2

)
V

−V + 8
(∑

h
αh
βh
E + E 2

) (2)

with V
def
=
∑

k,h∈H2
(αk−αh)2

βkβh
.

Lower bound on the PoA...

... but no upper bound!

Can we have some results in the nonlinear case ?
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User’s preferences

Consumers might have a prefered consumption profile (ˆ̀t
n)t

→ distance to this profile will be penalized.

Assume user’s objective is now:

f αn (`n, `−n) = (1− α)bn(`) + α
∥∥∥`− ˆ̀

∥∥∥2

2

with α ∈ [0, 1] the preference factor.

min
`n∈RT

f αn (`n, `−n)

s.t.
∑
t∈T

`tn = En,

`tn ≤ `tn ≤ `
t
n,∀t

What is the impact on the equilibrium profile and global system costs ?
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Understanding a toy model

Assume: T = {P,O}, N users,

Ct(`
t) = (`t)2, `tn ≥ 0 .

Proposition (Jacquot et al., 2017)

Assume ∀n ∈ N ,
ˆ̀P
n
En

+ 1
2 ≥

ˆ̀P

E , then, for α ∈ (0, 1], the NE of GDP
α gives:

∀h ∈ {P,O}, `h = E/2 + α× ( ˆ̀̄h − ˆ̀̄h)/2 . (4)

Proposition (Jacquot et al., 2017)

Assume ∀n ∈ N , ˆ̀P
n ≥

( ˆ̀P− ˆ̀O)−En

2(N−1) , then ∀α ∈ [0, 1], the NE of GHPα gives:

∀h ∈ {P,O}, `h = E/2 + φ(α)× (ˆ̀h − ˆ̀̄h)/2 . (5)

where φ(α)
def
= 2α

(1+α)+(1−α)N ∈ [0, 1].
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Impact on the System Costs and the Price of Anarchy

System costs:

C(`) =
∑
t

Ct(`
t),

PoE =
sup`∈XNE

G
C (`)

C∗
.

Social Cost:

SC(`) =
∑
n

f αn (`)

PoA =
sup`∈XNE

G
SC (`)

SC∗
.

Evolution of PoA-1 with α.
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Conclusion

Two (complex!) problems:

Need fast decentralized computation:
Fast convergence of BRD in network of parallel arcs ?

Need efficient equilibrium:
Can we compute tight bound on the PoA ?

Other aspects and questions:

Non atomic (population) game model,

Stochastic parameters (Energy demand can change.. )

THANK YOU!
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