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Introduction and Context

Two main issues:

MICROGRID

OPERATOR / 2

@ dimension: hundreds
or thousands of
users/consumers ;

@ privacy: users may not
want to disclose
individual constraints
and consumption
profiles to big brother.

STCHING YOU'"
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Problem Formulation

i f 1
L~ (p) (1a)
pepP (1b)
Z Xnt = Ppt, Vt €T (1c)
neN
Xn € Xp, VnEN (1d)
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Problem Formulation

min f 1a
L~ (p) (1a)
peP operator constraints (1b)
Z Xnt = Ppt, Vt €T disaggregation (1c)
neN
X, € Xy, VnEN agents constraints (1d)

. def _
with X, = {x,,e]RT | > i xne=E, and Vt,x,,’tgxmgx,,,t}

RESSOURCE ALLOCATION PROBLEMS: many applications in energy, logistics,
distributed computing, healthcare...
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o distributed problems are usually addressed by Lagrangian decomposition
approaches . ..
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o distributed problems are usually addressed by Lagrangian decomposition
approaches . ..

@ which requires strong duality / convexity hypothesis!

@ a lot of problems have non convex constraints/ cost functions : our method
does not require convexity.
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Two subproblems

Our method considers two subproblems iteratively:
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Two subproblems

Our method considers two subproblems iteratively:

MASTER PROBLEM

in f
min, (p)

st. pePt)

where P() ¢ P
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Two subproblems

Our method considers two subproblems iteratively:

DISAGGREGATION PROBLEM
MASTER PROBLEM

FIND x = (Xp)nen € YVp N X

m]{{nT f(p) y
st pe Pl =
def
where P c P and X = le_ijXn .
n
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Two subproblems

Our method considers two subproblems iteratively:

DISAGGREGATION PROBLEM
MASTER PROBLEM
(s) FIND x = cV.AX
minT f(p) P | fx (Xn)nen € Vp
pek where Y = {y e RNT\ Z Yo = P}
st.pePl), =
def
where ’P(S) cP and X = H X, .
neN
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Two subproblems

Our method considers two subproblems iteratively:

MASTER PROBLEM DISAGGREGATION PROBLEM
min f(p) p* FIND x = (Xp)nen € Yp N A
def
s.t. pe ’P(S) , ’]D(S+ ) =
def
where PS) c P and X = H X, .
neN
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Disaggregation Feasibility

Characterizing Yp N X = {x € X| Y . Xn = P}
Necessary aggregated constraints:

Zpt:ZEn and Vi, Zgn,téptﬁzin,t-
t n n n

Not sufficient!
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Disaggregation Feasibility

Characterizing Yp N X = {x € X| Y . Xn = P}

Theorem (Hoffman Circulation’s Theorem)

Disaggregation is feasible (i.e. X N Yp # () iff for any Tin C T, Nin C N:

ZPt < Z Xn,t — Z Xpt T+ Z En. (2)

t¢Tin t¢Tin,nENin t€Tin,n¢Nin n¢Nin
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Alternate Projections Algorithm

X=T1[,% and Y=Y,={xeRNT| Y _x,=p}

Require: y©), k =0, eqg, |||
repeat
x(k+1) PX(y(k))
y(D) Py (x(k+D))
k+—k+1
until Hy(k) — y(k_l)H < Ecvg
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Alternate Projections Algorithm

X=T1[,% and Y=Y,={xeRNT| Y _x,=p}

Require: y(O k=0, Ecvgr |-l y®) y©
repeat
XU Py (y(0)
y (1) Py (x(k+1)y
k+—k+1
until ||y — y=D || < e
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Alternate Projections Algorithm

X=T1[,% and Y=Y,={xeRNT| Y _x,=p}

Require: y(O k=0, Ecvgr |-l y®) y©
repeat
x(k+1) PX(y(k)) ‘
y(k+1) y Py(x(kJrl)) \
k< k+1 1
until Hy(k) - y(k_l)H < 5cvg X( ) X(O)
X
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Alternate Projections Algorithm

X=T1[,% and Y=Y,={xeRNT| Y _x,=p}

Require: y©), k =0, eqg, |||
repeat
x(k+1) PX(y(k))
y(D) Py (x(k+D))
k+—k+1
until Hy(k) — y(k_l)H < Ecvg

(0)
y(1) y
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Theorem (Gubin, Polyak, 1967)

Let X and Y be two convex sets with X bounded, and let (x(K)), and (y(K), be

the two infinite sequences generated by APM with €.,; = 0. Then there exists
x*° € X and y*° € Y such that:

x5 x>y oo (3a)
k—o00 k—00
© —y®, = i - : 3b
Ix = y®llp = _min_lx -l (3)

In particular, if X N'Y # 0, then (x(K), and (y(K), converge to a same point
x*eXn).

Paulin Jacquot (EDF - Inria - CMAP)
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Theorem (Cut generation from APM limit iterates)

For the sets X and ) defined above, and if X N'Y = () , the following sets given
by the limit orbit (x>, y>°) defined in Theorem 2:

(4a)
(4b)
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Theorem (Cut generation from APM limit iterates)

For the sets X and ) defined above, and if X N'Y = () , the following sets given
by the limit orbit (x>, y>°) defined in Theorem 2:

def
To = {tlpe > X pep X2t (4a)

def _
No = {n|E,— Ztgﬁf) Xnt — Zte% Xn,e < 0} (4b)
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Theorem (Cut generation from APM limit iterates)

For the sets X and ) defined above, and if X N'Y = () , the following sets given
by the limit orbit (x>, y>°) defined in Theorem 2:

def
To = {tlpe > X pep X2t (4a)

def _
No = {n|E,— Ztgﬁf) Xnt — Zte% Xn,e < 0} (4b)

define a “Hoffman cut” violated by p, that is:

S Eat > XK= D> Xpr < D Pt (5)

neNo t€70,n¢No t&To,nENo teTo
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Theorem (Cut generation from APM limit iterates)

For the sets X and ) defined above, and if X N'Y = () , the following sets given
by the limit orbit (x>, y>°) defined in Theorem 2:

def
To = {tlpe > X pep X2t (4a)

def _
No = {n|E,— Ztgﬁf) Xnt — Zte% Xn,e < 0} (4b)

define a “Hoffman cut” violated by p, that is:

S Eat > XK= D> Xpr < D Pt (5)

neNo t€70,n¢No t&To,nENo teTo

This cut can be reformulated in terms of 1,x> as:

A<D pe with Az B3 N x, (6)

teTo teTo neN
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Linear convergence of APM in our case

Theorem

For the sets X and ) defined above, the two subsequences of AP (x(k)), and
(y(9) converge at a geometric rate to x™° € X, y™ € Y, with:

X — x> <2||x O — x||2 x pyr

h L : 1
WREEONT = R T NT )T —1) ~

Same inequalities hold for the convergence of y(¥) to y™.
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Some Ingredients...

Lemma (Nishihara et al, 2014)

For APM on polyhedra X and Y, the sequences (x\¥), and (y%), converge at a
geometric rate, where the rate is bounded by the maximal value of the square of

the cosine of the Friedrichs angle c-(U, V) between a face U of X and a face
V of Y, where cp(U, V) is given by:

cr(U, V) =sup{u"v |[lul| < 1,[lv[| <1
veUnNUnV)tveVvn(UnV)i}
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Some Ingredients...

Lemma (Nishihara et al, 2014)

For APM on polyhedra X and Y, the sequences (x\¥), and (y%), converge at a
geometric rate, where the rate is bounded by the maximal value of the square of

the cosine of the Friedrichs angle c-(U, V) between a face U of X and a face
V of Y, where cp(U, V) is given by:

cr(U, V) =sup{u"v |[lul| < 1,[lv[| <1
veUnNUnV)tveVvn(UnV)i}

Lemma (Nishihara et al, 2014)

Let A and B be matrices with orthonormal rows and with equal numbers of
columns and Ay, (AB") the set of singular values of AB". Then:

- if Asy(AB") = {1}, then cg(Ker(A),Ker(B)) =0 ;

- Otherwise, cr(Ker(A), Ker(B)) = maxy<1{\ € A, (AB")}.
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Convergence rate: sketch of proof - 2:

e Y is affine subspace Y={xecRNT |Ax = \/N_llr} with 55 = Ker(A) and
AL YN SIn@ T
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Convergence rate: sketch of proof - 2:

e Y is affine subspace Y={xecRNT |Ax = \/N_llr} with 55 = Ker(A) and

AL YN hn® T
° Faces of X are subsets of the collection of affine subspaces indexed by

(Tn, T ) C TN (with TNT = 0):

'A(T,,T )ndEf{(x),,t \Vn, x) 17 = E, and Vt€ T p, Xt = Xpt, and Vt € T, xp 1= x,,t}.

Direction is Ker(B), with [B]y e ﬁillN ® N,T-
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Convergence rate: sketch of proof - 2:

e Y is affine subspace Y={xecRNT |Ax = \/N_llr} with 55 = Ker(A) and

AL YN hn® T
° Faces of X are subsets of the collection of affine subspaces indexed by

(TnT,p)n CTN (with TNT =0):
'A(T,,T )ndEf{(x),,t \Vn, x} 17 = E, and Vte T ny Xnt= Xpt, and Vt € T, xp 1= x,,t}.

Direction is Ker(B), with [B]y e ﬁillN ® N,T-
e We denote by K, & card(7,). Renormalizing B, we show:

1 Likoyere 1
S:=(AB")(A'B) = N (Z T_K, >+N Y. (Ciler) Eee.
k.l

1<t<T
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Convergence rate: sketch of proof - 2:

o )V is affine subspace Y = {x € RNT |Ax = \/N_llr} with 55 = Ker(A) and

e -1
ALY N Jin @7
° Fices of X are subsets oj the collection of affine subspaces indexed by
(TnT,p)n CTN (with TNT =0):

def

A(?mzn)n = {(X)nt ‘Vn, X—rl;]l‘[' = En and Vi‘E T—H)Xn,t: Kn,t’ and Vt € Inaxn,t: Yn,t}-

Direction is Ker(B), with [B]y e ﬁillN ® N,T-

e We denote by K, & card(7,). Renormalizing B, we show:

1 1{k,€}cT,f> 1
k.l

S:=(AB")(A'B) = — ( -k |tw > (Coleen) Eer.

1<t<T

N

o Denote 7% U,7:¢ and P& 17 — S. Then P = diag(Ps, 05

— restrict to Vect(e;),o7 to find A1(P) (least positive eigval)
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Convergence rate: sketch of proof - 3:

° Consider graph G = (T, ) whose vertices set is 7 and edge (k, £) has weight

1
Ske =17 Z {”}CT . One can show that Z#k —Pry = Pk
— Pis LapIaC|an matrlx of G.
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Convergence rate: sketch of proof - 3:

° Consider graph G = (T, ) whose vertices set is 7 and edge (k, £) has weight

1
Ske =17 Z {”}CT . One can show that E#k —Pry = Pk
— Pis LapIaC|an matrlx of G.

@ Using Laplacian property and Cauchy-Schwartz, Vu 1 1:

T . (upx —ug)? 4T||u||2
> _ t s > 2
u Puz k7get‘?slg_t*)( Po) =g 2 N e

where ug 1= max; Uy, Us+ := min; uy and dg- ¢+ distance in G, and (s*-t*) a
path from s* to t*.
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Convergence rate: sketch of proof - 3:

° Consider graph G = (T, ) whose vertices set is 7 and edge (k, £) has weight

1
Ske =17 Z {”}CT . One can show that E#k —Pry = Pk
— Pis LapIaC|an matrlx of G.

@ Using Laplacian property and Cauchy-Schwartz, Vu 1 1:

T . (upx —ug)? 4T||u||2
> _ t s > 2

u Puz k7get‘?slg_t*)( Po) =g 2 N e
where ug 1= max; Uy, Us+ := min; uy and dg- ¢+ distance in G, and (s*-t*) a
path from s* to t*.

@ As 1 is an eigenvector of P associated to A9 = 0, from the minmax theorem,
4 )

we get )\1(P) > m =1 — PNT

Paulin Jacquot (EDF - Inria - CMAP) Privacy-Preserving Disaggregation Algo Lundi 7 octobre 2019 13 /21



back to the two subproblems...

MASTER PROBLEM DISAGGREGATION PROBLEM

pngliQnT f(p) FiND x € Vp N ([], &)

st. pe P
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back to the two subproblems...

MASTER PROBLEM p(s) | DISAGGREGATION PROBLEM

Jmin.f(p) D) FIND x € Vp 1 (L1, )
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back to the two subproblems...

MASTER PROBLEM p(s) | DISAGGREGATION PROBLEM

Jmin.f(p) D) FIND x € Vp 1 (L1, )

st. pe P

PE) =PE N {p| Ar <X ieqsprl
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To non-intrusive projections...

@ projections x, = Px,(¥n) can be computed locally ;
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To non-intrusive projections...

@ projections x, = Px,(¥n) can be computed locally ;
e projection y = Py, (x) on Vp = {x € RNT | 3" x, = p} is explicit (affine
space):

vn, yn = Xn+ ﬁ(p — (mem)) ;
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To non-intrusive projections...

@ projections x, = Px,(¥n) can be computed locally ;
e projection y = Py, (x) on Vp = {x € RNT | 3" x, = p} is explicit (affine
space):
vna Yn = Xn + %(p - (mem)) '

e only requires the aggregate quantity ), x, , then local operations;
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To non-intrusive projections...

@ projections x, = Px,(¥n) can be computed locally ;
e projection y = Py, (x) on Vp = {x € RNT | 3" x, = p} is explicit (affine
space):

vna Yn = Xn + %(p - (mem)) '
e only requires the aggregate quantity ), x, , then local operations;

How can we compute ) x, without disclosing profiles to Big Brother ?

L JWAICHING YOU!
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Issues: transmission of profiles for projection

In APM, agents still have to provide profiles (x,(,k)),,
— Secure Multiparty Computation (SMC) principle

Require: Each agent has a profile (xp)nen
1. for each agent n € A\ do
Draw Vt, (sp.t.m)N_1 €U([0, A]N-1)

def N—1
and set Vt, Sp,t,N = Xnt — Zm:l Sn,t,m

Send (sp,t,m)teT to agent me N
: done

. for each agent n € N do

Compute Vt,0pnt = > e pr Smit,n
Send (0n,¢)teT to operator

: done

: Operator computes S =)\ 0,

© o N ke N

—
o
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Issues: transmission of profiles for projection

In APM, agents still have to provide profiles (x,(,k)),,
— Secure Multiparty Computation (SMC) principle

Require: Each agent has a profile (xp)nen
. for each agent n € N do
Draw Vt, (sp.t.m)N_1 €U([0, A]N-1)

def N—1
and set Vt, Sp,t,N = Xnt — Zm:l Sn,t,m

1
2
3
4 Send (s t.m)teT to agent me N
-t o —
5. done 2=511+%2+53
6: for each agent n € N do X3 =531+ 532+ 533
7. Compute Vt,0nt = D cp Smitin
8 Send (0n,¢)teT to operator
9: done

10: Operator computes S =)\ o,
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Issues: transmission of profiles for projection

In APM, agents still have to provide profiles (x,(,k)),,
— Secure Multiparty Computation (SMC) principle

Require: Each agent has a profile (xp)nen
1. for each agent n € A\ do

2: Draw Vt, (sne,m)N_1€l([0, A]N7Y)

def _
3: and set Vt,s, ¢ n = Xnt — Z,’\rl,:} Sn,t.m S12 513
4: Send (Sptm)teT to agent me N Xp = 22+ 53
5. done

X3 = $3,2 + 533

6: for each agent n € N do
7. Compute Vt,0pn = >, cpr Smit.n g Xp = 02+ 03
8:  Send (0n¢)teT to operator n
9: done
10: Operator computes S =)\ o,
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Combining all elements...

Require: s =0, P(O) = P ; Disac = FALSE
1. while Not DisAG do
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Combining all elements...

Require: s =0, P(O) = P ; Disac = FALSE
1: while Not DisaG do
2. Compute p8) = argmin

MASTER PROBLEM

perd P min f
Jmin, (p)

st. pe P
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Combining all elements...

Require: s =0, P(O) = P ; Disac = FALSE
1. while Not DisAG do

MASTER PROBLEM

: (s) = i
2: Compute p argmin_ ) P min £(p)
3. DISAG «+ APM(p®) peRT
st. pe P

p(s)

DISAGGREGATION PB

FIND x € Yp N (][], Xn)
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8: PEH) — PEOALPIS o pe < A(;:)} DISAGGREGATION PB
teT, 0
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11: done
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Termination condition: number of cuts

Proposition

The procedure stops after a finite number of iterations, as at most 27 constraints
can be added to the master problem.
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Termination condition: number of cuts

Proposition

The procedure stops after a finite number of iterations, as at most 27 constraints
can be added to the master problem.

ISSUE: we need the limit x*° of the APM sequence to obtain the cut..
but in practice we can stop in finite time and obtain the appreximated same cut!
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E,)

lllustrative example in dimension T =4 (with > . pr = >

n

MASTER PROBLEM

.. ...... o. . f

| | min, (p)

st. pe Pl
‘‘‘‘‘ P2 p(l)
p3 DISAGGREGATION PB
p Pz(J FinD x € Vp N ([T, &)
P1
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Conclusion

The method computes a resource allocation p and N individual agents profiles

(xn)n, such that (x, p) solves the global (nonconvex) problem, while keeping
private:
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Conclusion

The method computes a resource allocation p and N individual agents profiles

(xn)n, such that (x, p) solves the global (nonconvex) problem, while keeping
private:

@ agent constraints (upper bounds X, lower bounds x,,, demand E,);
@ individual profile x, (as well as the iterates (x(¥)), and (y(¥)), in APM).
Further work and extensions:

@ a variant of the algorithm can deal individual constaints X,, — arbitrary
(polyhedral) set, resolving local LPs to get a cut;

@ can we generalize the direct obtention of the cut for other polyhedra ?

@ analysis on the maximal number of constraints added (polynomial bound ?).
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