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The Context 2/ 10

Two-way communication system:

aggregator

1

2

n

N

Consumer with flexible usages:

Every user n in the set N :

min
`n∈Xn

bn

(
`n,

∑
m∈N

`m

)

bn depends on a price signal sent by the
aggregator.
⇒ Game ⇒ Nash Equilibrium .
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Two specific billing mechanisms: 3/ 10

� Daily Proportional (DP) [Mohsenian-Rad et al., 2010]

bn(`n, `−n) =
En∑

m∈N Em

∑
t∈T

Ct

(∑
m∈N

`m,t

)

I En = Daily Flexible energy asked by consumer n,
I Ct(`) = Cost function for providing load ` at time t.

� Hourly Proportional (HP):

bn(`n, `−n) =
∑
t∈T

`n,t∑
m∈N `m

Ct

(∑
m∈N

`m,t

)

I New Theorem of NE uniqueness,
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Evaluation on two criterias: 4/ 10

� Efficiency: Ratio of costs induced by the DSM Equilibrium profile and the
optimal costs (from the aggregator side),

PoA :=
Costs induced by equilibrium

Optimal costs
,

→ Theoretical PoA bound for HP billing

� Fairness [Baharlouei et al., 2013]:
Distance of DSM bills to the vector of “externalities” :

F := distance (externalities, bills)

I Externality(n) = (Optimal cost with n)− ( Optimal cost without n) .
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Numerical Evaluations 5/ 10

Numerical experiments based on real data (Pecan Street Inc.) with flexible EV
owners (and electrical heating) on 30 days:

� Peak/Offpeak pricing
increases efficiency. . .

� . . . but DSM systems
(dynamic pricing) are much
more efficient.

� HP also very efficient, and
has a strong fairness.
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Conclusion and Perspectives 6/ 10

� Study of two billing mechanism to implement a DSM system,

� Hourly Proportional : Efficient and Fair
→ incentives for consumers to join/stay in the DSM program

Relevant issues in practice :
Online / Offline version (Day-Ahead)

� → Robustness against unplanned customers events (stochasticity) ,

� → Fast Convergence and Computation of the equilibrium

THANK YOU!
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Appendix 1: Complete constraints 8/ 10

In the complete model, each consumer n can have constraints in his consumption,
and solves the optimization problem:

min
`n

bn = κ
∑
t

(
Ct(`

t)∑
m `

t
m

· `tn
)

(1a)∑
t∈t

`tn = En, (1b)

`tn ≤ `tn ≤ `
t
n, ∀t ∈ T . (1c)
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Appendix 2: Computation of Fairness Index 9/ 10

For any subset of consumers M, consider the induced optimal total cost:

C∗M := inf
(`m)m∈M

∑
h∈HCh

(∑
m∈M `hm

)
,

and define the externality of player n as the cost induced on the system by n:

Vn := C∗N − C∗N\{n}

Then, we define the fairness of the DSM billing mechanism as:

F := sup
x∈XNE

G

[∑
n∈N

∣∣∣∣ Vn∑
m∈N Vm

− bn (x)∑
m∈N bm (x)

∣∣∣∣
]
.
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Appendix 3: Detailed Theoretical Results 10/ 10

Theorem (Uniqueness of a Nash Equilibrium with HP billing)

Let ch(`h) := 1
`h
Ch(`h) be the per-unit price of electricity. If c ′h ≥ 0, i.e. prices are

increasing with global load, then a Nash Equilibirum exists. If, in addition:

∀h, (`h)2∑
n(`hn)2

>

(
`hc ′′h (`h)

2c ′h(`h)

)2

then the Nash Equilibrium is unique.

Theorem (Bound on the Price of Anarchy with HP billing)

In the case of costs of the form Ch(`h) = ah2(`h)
2

+ ah1`
h , the price of anarchy is

bounded by:
PoA ≤ 1 +

3

4
sup
h∈H

1

1 + ah1/(ah2`
h
)
.
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